We theoretically investigate a scheme in which backward coherent anti-Stokes Raman scattering (CARS) is significantly enhanced by using slow light. Specifically, we reduce the group velocity of the Stokes excitation pulse by introducing a coupling laser that causes electromagnetically induced transparency (EIT). When the Stokes pulse has a spatial length shorter than the CARS wavelength, the backward CARS emission is significantly enhanced. We also investigated the possibility of applying this scheme as a CARS lidar with O 2 or N 2 as the EIT medium. We found that if nanosecond laser with large pulse energy (>1 J) and a telescope with large aperture (~10 m) are equipped in the lidar system, a CARS lidar could become much more sensitive than a spontaneous Raman lidar.
I. INTRODUCTION
Raman lidar is a powerful tool in atmospheric detection by measuring the backward spontaneous Raman scattering of atmosphere [1, 2] . It can provide automated continuous measurements of a broad range of atmospheric targets including water vapor [2] [3] [4] , cloud liquid water [5] , atmospheric density and temperature [6, 7] , aerosol backscattering and extinction [3, 8] , ozone [1] , and pollutants [1] in both troposphere and stratosphere [1, 2] .
However, Raman lidar suffers from low signal-to-noise ratio because of the low cross section of spontaneous Raman scattering [2] . A possible way to improve the signal level is to use nonlinear Raman scattering processes such as coherent anti-Stokes Raman scattering (CARS) and stimulated Raman scattering (SRS) [9] [10] [11] [12] . Since the signal in these processes scales up nonlinearly with excitation intensity, they could significantly enhance the sensitivity of Raman lidar with proper laser power.
In two-color CARS and SRS, the sample is illuminated by two pulsed laser beams at different frequencies called the pump beam ( p ) and the Stokes beam ( s < p ). Raman resonance happens when  p - s matches the frequency of a molecular vibration mode. CARS detects the output field at a new frequency  a =2 p - s which is significantly enhanced at Raman resonance, and SRS detects the loss of the pump beam or the gain of the Stokes beam caused by the resonant excitation of molecules to the vibrational level. In a microscopic view, the pump pulse and the Stokes pulse stimulate every active molecule to vibrate, and the vibration leads to the emission of new fields (at  a in the case of CARS and at  p or  s in the case of SRS). For a single molecule, the emission is a dipole radiation that goes in forward and backward directions symmetrically. The total SRS or CARS signal is the coherent summation of emissions from all active molecules. In a homogeneous sample under copropagating beam geometry, for both SRS and CARS, the forward emissions constructively interfere, while the backward emissions destructively interfere. Therefore in total no signal is observed in the backward direction. This is different from spontaneous Raman scattering, in which the emissions from different molecules are incoherent and the total signal maintains the pattern of dipole radiation [11] . Since backward signal detection is desired in lidar applications, spontaneous Raman scattering is used in conventional Raman lidar [1] [2] [3] [4] [5] [6] [7] [8] . SRS lidar was only proposed for counter-propagating beam geometry [13] or aerosol detection [14] , because backward SRS signal can become significant when the size of the scattering particle is comparable to the wavelength of light.
In this study, we propose a scheme to enhance the backward nonlinear Raman signal by using special Stokes pulses with very slow group velocity, i.e., slow light. It can be produced by electromagnetically induced transparency (EIT) when a third coupling field is introduced [15] [16] [17] . We find that if the Stokes pulse is slow enough that its spatial length becomes smaller than the emission wavelength, the destructive interference of backward signal will largely disappear, and the backward signal will have the same order of magnitude as the forward signal. This could make nonlinear Raman lidar feasible.
Another important advantage of nonlinear Raman lidar comes from the low divergence of signal emission. In a spontaneous Raman lidar, the collected signal is inversely proportional to the square of the distance, i.e., ~1/R 2 . In a CARS or SRS lidar, the divergent angle of backward emission is as small as that of the incident laser beams due to the coherent superposition of emission fields within a large beam cross section. Thus most of the backward CARS or SRS signal could be collected.
Theoretically both SRS and CARS signals are related to the third order susceptibility  (3) [11] , which can be divided into a resonant part and a non-resonant part. In homogeneous medium, the forward SRS signal coherently mixed with the excitation field is free of non-resonant background due to heterodyne detection. However, in the backward direction the SRS signal is only mixed with incoherent Rayleigh scattering of the excitation laser, and so it would have the same non-resonant background as CARS signal. Moreover, Rayleigh scattering would make SRS signal more difficult to detect than CARS signal whose frequency is away from those excitation lasers. Therefore in this work, we theoretically investigate a CARS lidar scheme since it appears to be more advantageous over an SRS lidar.
II. THEORETICAL FRAMEWORK
A. General description of the model As shown in Fig. 1(a) , in our scheme, a pump, a Stokes and a coupling beam are sent into the sample, which is gas phase with different components mixed homogeneously. Firstly, we choose one of the gas components as the EIT medium. The frequency of the Stokes light should match the energy gap between the ground state |0> and an excited state |1> of the EIT medium, while the frequency of the coupling light should match the energy gap between |1> and a coupling state |2> [ Fig. 1(b) ]. |2> can be either higher or lower than state |1>. Based on the principle of EIT, the coupling light at a proper intensity can significantly decrease the group velocity of the Stokes light [18, 19] . Secondly, we choose the wavelength of the pump light based on the characteristic Raman band of the target molecules to be detected, which we call the Raman medium.  p - s should match the frequency of the Raman band [ Fig. 1(c) ]. The Raman medium is assumed to be different from the EIT medium to avoid complications. For example, in Earth's atmosphere, we can choose oxygen as the EIT medium and water vapor or carbon-dioxide etc. as the Raman medium. The parameters of the lasers and the sample will be discussed in detail later. 
B. Generation of backward CARS signal
The CARS field E a is determined by the following wave equation:
where P a (3) is the third order nonlinear polarization at frequency  a =2 p - S ; c is the speed of light in vacuum;  0 is the vacuum permittivity; n a is the refractive index of the CARS field in the sample. Similarly, we use n p , n S and n c to denote the refractive indices of the pump, Stokes and coupling fields, respectively. We assume that both the pump and the Stokes pulses have Gaussian intensity profile propagating in +z direction. We also assume that the beam diameters are much larger than the laser wavelengths and so the beams have very small divergence, which is always the case in atmospheric lidar system [2] . Thus the laser beams and the CARS signal can be approximated as plane waves. This allows us to drop the partial derivatives with respect to x and y in Eq. (1) .
The refractive index of air at standard condition is around 1.0003, and the difference between group velocity and phase velocity of light is around 1×10 -5 [20] . Thus we can consider the group velocity of the pump pulse to be equal to its phase velocity c/n p . The group velocity of the Stokes pulse is denoted as v g,S which is much slower. Therefore, the pump pulse is always catching up with the Stokes pulse when they interact in the sample. If we set z=0 and t=0 as the point where the center of the pump pulse meets the center of the Stokes pulse, we have:
where the indices i, j, k, l can be x or y; A p , A S and t p , t S are the field amplitude and pulse duration (full width at half maximum (FWHM) of intensity) of the pump and Stokes pulses, respectively; k p k S and k a are wave vectors of pump, Stokes and CARS fields, respectively; k =2k p k S k a is the wave vector mismatch. On the other hand, Eq. (1) can be formally solved:
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The first term of the right-hand side describes a forward propagating signal, while the second term describes a backward propagating signal. In order to achieve a spectral resolution that matches the bandwidth of a typical Raman band, the pulse duration of pump and Stokes pulses should be in the order of picosecond, which is much larger than the period of an optical cycle. Thus ∂/∂t can be replaced by i a in Eq. (3). Then we obtain the signal field by substituting Eq. (2) 
The backward signal:
In Eq. (4) and (5),
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In order to reveal a clearer physical picture, we set the wave vector mismatch k to be zero. We will show that this is a proper assumption later. The forward and backward signal becomes:
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The forward signal always has a non-zero Gaussian profile as expected. 
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After the interaction is over, the forward and backward signal will propagate away from the slow Stokes pulse.
In the forward region, z≫v g,S t S , we have   ≫1; in the backward region, z≪v g,S t S , we have  + ≪1 and k a z + ≪ + . Therefore the integral in Eqs. (7) and (8) can be regarded as from -∞ to ∞. The forward and back ward CARS signal finally become:
The frequency of the forward CARS signal is  a , while the frequency of the backward CARS signal is red shifted by a factor of 1v g,S /c. It corresponds to the Doppler red shift induced by a radar object moving at a speed of v g,S away from the observer. The first exponential factor in Eq. (11) gives us the ratio between backward and forward CARS signal. v g,S t S can be regarded as the spatial length of the Stokes pulse.
Using Eqs. (7) and (8), the space-time profile of the CARS signal is calculated and shown in Fig. 2 alongside the profiles of the pump and Stokes pulses. In Fig. 2(a) , v g,S is set to 0.5c. In this case, k a v g,S t S ≫1, and the backward signal is almost zero. Only forward CARS signal appears. In Fig. 2(b) , v g,S is set to 2.75×10 -5 c. In this case, k a v g,S t S = √ 2, i.e., the spatial length of the Stokes pulse is only √ 2/2 times the wavelength of the CARS signal. The backward signal becomes 1/e times the forward signal in terms of intensity. n a is always set to 1. c. In both (a) and (b), the group velocity of the pump pulse is equal to c. t p =t S =8 ps.  a =600 m. z and t in all the figures are from -4.8 mm to 4.8 mm and from -16 ps to 16 ps, respectively. Both z and t are set to be zero where the center of the pump pulse meets the center of the Stokes pulse. In case (a), comparing to forward CARS fields, the backward CARS signal is almost zero. In case (b), both forward and backward CARS fields have the same order of magnitude. 
The backward signal intensity starts to decrease quickly when v g,S t S goes beyond 0.2 a and it is reduced to 1% of the peak value when v g,S t S =0.31 a . Since v g,S t S k a is in the order of 1, v g,S t S k should be a very small value. Thus dropping the wave vector mismatch in Eqs. (7) and (8) This phenomenon can be understood intuitively this way. All the active molecules emit CARS signal in both forward and backward direction as dipole radiation. However, for an observer at backward position, the phase of the dipole emission from molecules between z to z+ a /2 spans from 0 to 2, and thus the coherent summation of the signal largely cancels. Only when spatial length v g,S t S is shorter than half wavelength, the coherent summation of the backward signal becomes relatively significant. It is exactly similar to the generation of backward CARS signal by a very short sample due to relaxed phase matching condition, which is studied both theoretically and experimentally in Ref [21] .
We shall note that it is not a violation of the conservation of momentum. Although by generating a backward CARS photon, the momenta of optical fields are no longer conserved, but it is only because there is a momentum transfer between light and the medium. This is similar to the phenomena in Doppler cooling [22] , in which an atom absorbs photons with a certain momentum and emits photons in random directions. The momenta of photons are not conserved, but the total momenta of the system are still conserved because of the momenta transfer from photons to the atom. In our model, we can also rigorously prove that the momenta transferred to the Raman medium are equal to the momenta loss of photons, which is presented in the Appendix. We should further emphasize that the momentum transfer between light and the medium is only significant when the interaction region is much shorter than light wavelength. If the medium is uniform and the interaction region is much longer than light wavelength, the momentum transfer at different spatial locations will cancel out, as our theory will point out at the end of the Appendix. It would lead to the strict momentum conservation (also known as the phase matching condition) of light fields, and backward emissions would vanish as seen in the right end of Fig. 3. C. Generating slow light by EIT The group velocity of the Stokes light can be expressed by:
n S can be calculated by:
where  (1) is the first order susceptibility. If the Stokes light can be regarded as a perturbation to the transition from state |1> to |2> of the EIT medium as shown in Fig. 1(b 
where N EIT is the number density of the EIT molecules;  ij ,  ij and  ij are the dipole momentum, transition frequency and decoherence rate between state |i> and |j>, respectively;  c is the Rabi frequency of the coupling light. Under the condition of EIT:
Thus when  S + c matches  31 , we have: According to Eq. (17a), the phase velocity of the Stokes light is still c, i.e., the refractive index n S =1. Substitute Eqs. (14) and (17) into Eq. (13), we have: 
where I c is the intensity of the coupling laser. Eq. (18) shows that the group velocity can be reduced when | c | is smaller. The "≈" holds when c≫v g,S , and this is always the case in our study. This is the principle of how slow light is generated by EIT.
One may noticed that in our case the spatial length of the Stokes pulse v g,S t S is smaller than wavelength [Eq. (12) 
And in practice, we consider that the following condition is enough to satisfy inequality (16). 
According to Eq. (12), in order to maximize the backward signal, this lower limit should be smaller than or equal to √ 2 a /(2. Since the decoherence is dominated by collision,  can be estimated by the mean speed v mean and the mean free path l mean of the EIT molecules: 
where T is the temperature; P is the pressure; k B is Boltzmann constant; m EIT and d EIT are the mass and diameter of the EIT molecule, respectively. Substituting Eq. (22) into inequality (21) and combining with Eq. (12), we obtain the requirement for the dipole moment of EIT molecules: 
In the last step, P=Nk B T is used.  is the ratio between N EIT and total number density N. We'll see in the following section that Eq. (23) is a reasonable requirement.
III. APPLICATION FOR ATMOSPHERIC CARS LIDAR A. Practical limits of the EIT medium and the laser intensity
Since 
(1) is used in slow light generation, the EIT medium should be considered as continuous medium rather than discrete molecules, i.e., N EIT  , the ionization of O 2 and N 2 will happen, which may degrade the EIT process [26] . This is an upper limit of laser intensity.
B. Strategy of choosing parameters
Since there are a lot of parameters involved in our scheme, now we propose a strategy to determine these parameters by the following sequence: (i) choose proper states |2> and |3> to satisfy inequality (23) , and at the same time the transition from |1> to |2> should be weak; (ii) determine t S by Eq. (19) , I c by Eqs. (12) and (18), and the upper limit of I S by Eq. (24); (iii) I p can be as large as possible within the ionization limit; (iv) t p can be as large as possible, until v g,S t p reaches the spatial resolution of the lidar (since at least v g,S /c<10  , if the desired spatial resolution is 3 m, t p can be > 0.1 ms); (v) the coupling laser can be a CW laser or pulsed laser whose pulse duration is much longer than t p , since v g,S needs to be constant throughout the pump-Stokes interaction.
The molecular mass and diameter are 5. 
where  is the Raman scattering cross section which is typically 10 -29 cm 2 /sr/molecule, when the excitation wavelength is at 488 nm [30] and 337.1 nm [31] , D is the aperture diameter of the receiver telescope, R is the distance of the target from lidar. The number density of the Raman medium N R can be calculated by N 0 P R T 0 /(P 0 T R ), where N 0 =Avogadro's constant/22.4 L is the number density of air at standard pressure (P 0 =1 atm) and temperature (T 0 =273 K). P R and T R are the partial pressure and temperature of Raman medium, respectively. P R is calculated by air pressure at the target times the percentage of the Raman medium. Assuming the altitude of the lidar system is on sea level, R becomes the altitude of the target. Thus T R can be estimated by 300 K6 K/km×R.
For CARS lidar, t S is set to be 0.5 ns, as indicated in Table 1 . t p is set to be equal to t S .  prefers higher laser intensity, we assume that the focal spot of the telescope is at the target. If the same telescope is used to focus the laser into the atmosphere, the focal spot radius can be calculated by the Airy disk radius r=0.61R/D, assuming that the laser beam fills the telescope aperture. We assume that the wavelengths of pump, Stokes and CARS fields are all close to 500 nm, which is the value of  here. Then, the power of the backward CARS signal generated at the target can be estimated by multiplying the focal spot area and the CARS intensity:
where E a BW can be calculated by Eq. (11). To evaluate Eq. (11) via Eq. (6a), the peak electric field amplitudes of pump and Stokes lasers are needed. They are calculated from the peak intensities of the laser beams, which are estimated by pulse energy/pulse duration/(r 2 ). Since the divergent angle of CARS signal should be almost the same as the convergent angle of the incident beams, we assume 100% collection efficiency. Thus Eq. (26) is considered as the received signal power. Fig. 4 compares the signal power between spontaneous Raman lidars and CARS lidars with different parameters. For CARS lidars, the pulse energy means the total pulse energy of pump and Stokes lasers. In each figure, the results of Raman medium with different percentage are plotted. The percentages are set to be 78%, 21% and 0.2%, which are the typical values for nitrogen, oxygen and water vapor, respectively. In Fig. 4(a-c) , the pulse energy is 10 -1.5~1 0 0 J, and the diameter of the receiver telescope is D=1 m. These are typical values for spontaneous Raman lidar [2] . R is set to be 2 km, 5 km and 10 km, respectively. At such altitudes, the air pressure drops to 0.8 atm, 0.5 atm, and 0.3 atm, respectively. In this region, the signal of CARS lidar is weaker than that of spontaneous Raman lidar. However, the CARS signal is proportional to the third power of laser intensity, while the spontaneous Raman signal is linearly proportional to the laser power. Therefore, higher peak intensity will benefit CARS lidars more than spontaneous Raman lidars. To increase the peak intensity of laser pulses, we could use lasers with higher power or use a telescope with larger aperture (e.g. optical reflective telescope, whose aperture can be as large as 10 m) to achieve a smaller focal spot in the atmosphere. If the diameter of the aperture D increases by a factor of 10, the focal spot area r 2 will decrease by a factor of 10 2 , and the CARS intensity will increase by a factor of 10 6 , then, the CARS power will increase by a factor of 10
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. At the same time, the spontaneous Raman signal will increase by a factor of 10 2 merely due to a larger receiving area. As we can see from Fig. 4(d-f) , if a nanosecond laser with ~10 J pulse energy and a telescope with big aperture (D=10 m) are adopted in a CARS lidar, it will be much more sensitive than a spontaneous Raman lidar. On the other hand, the CARS lidar signal decreases more rapidly than the spontaneous Raman lidar signal when distance R increases. This is because the Airy disk radius r is proportional to R. Following similar discussion as above, if R increases by a factor of 10, the CARS power will decrease by a factor of 10 4 , while the spontaneous Raman signal will decrease by a factor of 10 2 due to a smaller receiving solid angle. This trend can be seen in Fig. 4 as well. Still, within our model, when D=10 m the CARS signal is largely better than spontaneous Raman signal even for a distance of 10 km. 
IV. CONCLUSION
We have proposed a scheme to enhance the backward CARS signal by a slow Stokes pulse generated by EIT effects, and we have investigated its potential application in a CARS lidar. We found that when the spatial length of the Stokes pulse is close to 0.13 a , the backward CARS signal reaches its maximum. Normally, this requires the group velocity of the Stokes pulse to be as slow as 10 -7~1 0 -8 c. Using O 2 or N 2 in the atmosphere as the EIT medium, our calculation seems to indicate that it is possible to achieve these conditions. We also found that under conventional Raman lidar parameters, the signal level of a CARS lidar is lower than that of a spontaneous Raman lidar. However, with higher pulse energy and a larger aperture telescope, CARS signal could surpass spontaneous Raman signal and a CARS lidar could become more sensitive than a spontaneous Raman lidar.
APPENDIX:
Here we present a proof that the total momenta of the system are conserved no matter CARS photons are generated in the forward or backward direction.
The density of Lorentz force applied to the medium is = + × , where in dielectric medium, the charge density = −∇ • ( ) and the current density = ( )
. In CARS process, the polarization is (2) and Eq. (7)]. has only x and y component and varies along z direction, thus ∇ • = 0. According to Eq. (A1), = −∇ • = 0. Then, the density of Lorentz force becomes
where is the unit vector in the propagating direction. Since the envelop change slowly with time, the derivative with respect to time can be replaced by . The momentum transferred to the medium per unit cross-sectional area is ∆ = ∬ . Since ∆ is an integral over time, it vanishes unless and have the same frequency. Therefore, ∆ = ∬ [ (− (3) and (A9), we have ∆ + 2 = 0.
(A10) If a forward propagating CARS photon of momentum is created, there will be two pump photons of momentum annihilated and a Stokes photon of momentum created, so that the momentum change of the photons is − 2 + = 0, i.e., the momenta of photons are conserved. According to the discussion below Eq.
(A7), there is no momentum transferred to the medium when a forward propagating CARS photon is created. Therefore, the total momenta of the system are apparently conserved.
On the other hand, if a backward propagating CARS photon with momentum − is created, the momentum change of the photons is − − 2 + = −2 , twice of the momentum of the backward CARS photon. Thus in Eq. (A10), 2 is the total momentum change of photons per cross sectional area. Eq. (A10) means that it is completely compensated by the momentum transferred to the medium per cross sectional area. Therefore, the total momenta of the light-matter system are still conserved. Furthermore, both ∆ and contain the integral of sin(−2 ) with respect to [Eq. (A8-A9)]. This integral vanishes if the interaction length (range of ) is several times larger than the CARS wavelength. That is to say, the generation of backward CARS signal and the momentum transfer to the medium happen only when the interaction length is very small.
